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We present an exact diagonalization study on layered J1 − J2 antiferromagnetic Heisenberg spin
model to examine the role of frustration induced by inplane next-nearest neighbor coupling J2,
in presence of interlayer antiferromagnetic coupling J⊥. A finite lattice of 24 spins in layered
geometry of (4× 3)⊕ (4× 3) is considered and the resulting Hamiltonian matrix diagonalized using
Davidson iterative algorithm to obtain the ground and a few low-lying excited states. The lattice
size (24 spins with Hilbert space dimensionality of 2704156 in Stotz = 0 subspace) has been kept
relatively small because of the large number of runs required to sample J1−J2−J⊥ parameter space.
Quantities like spin-gap, Shannon entropy, spin-spin correlation(SSC), static spin structure-factor,
magnetic specific-heat and magnetic susceptibility are calculated for various values of spin-spin
coupling parameters. With increase in interlayer coupling, the system is driven to states with long
range order and the interval of quantum paramagnetically disordered state, sandwitched between
Ne´el and collinear ordered states, narrows on the scale of inplane frustration parameter.
PACS: 75.10.Jm, 75.10.Kt, 75.40.-s
I. INTRODUCTION
The discovery of high temperature cuprate super-
conductors [1] triggered a renewed interest in quasi
two-dimensional(2D) antiferromagnetic Heisenberg spin
model due to the belief that superconductivity is closely
associated with the antiferromagnetic ordering in copper
oxide planes in undoped parent compounds[2, 3]. In this
regard, the antiferromagnetic J1 − J2 quantum spin- 12
model on 2D square lattice, with J2 as frustration pa-
rameter, has been studied extensively[4–13]. The quan-
tum fluctuation induced by frustration destroys the semi-
classical Ne´el order, characterized by the magnetic wave-
vector (pi, pi). Beyond a critical value of J2, the frustra-
tion drives the spin system to a new semi-classical order
called the collinear order characterized by the magnetic
wave-vector (pi, 0) or (0, pi). At zero temperature, the
quantum spin system is believed to have Ne´el order for
0 ≤ J2/J1 < 0.4 and collinear order for 0.6 < J2/J1 ≤ 1.
For intermediate values 0.4 ≤ J2/J1 ≤ 0.6, the system
is believed to exist in quantum paramagnetically dis-
ordered state [14, 15]. The boundary of the quantum
paramagnetic−collinear order has not been conclusively
pinned down and there has been work to suggest it to be
at J2/J1 = 0.65 [16–18] or more.
More recently, iron based superconductors have been
found to have layered structure [19] and provide further
motivation to study J1 − J2 − J⊥ model [20–23]. The
∗ mahfoozulhaque@gmail.com
role of J⊥ on J1 − J2 model has been examined through
several schemes like coupled-cluster, rotation-invariant
Green’s function [24], effective field theory[25], self con-
sistent spin wave theory, series expansion and first order
spin-wave theory[22, 26, 27]. For the antiferromagnetic
2D J1 − J2 model in the intermediate regime of inplane
next nearest neighbor coupling 0.4 ≤ J2/J1 ≤ 0.6, it
has been found that the quantum paramagnetic order
narrows down [4, 22, 24–26] with increase in interlayer
coupling J⊥. The critical value of J⊥ at which the para-
magnetic order disappears, has not been uniquely found
and appears to depend strongly on the method of study
employed [4, 22, 24–26].
In the present work we use exact diagonalization to
study, at zero as well as finite temperatures, the layered
frustrated quantum spin- 12 system with model Hamilto-
nian
H = J1
∑
〈i,j〉
Si · Sj + J2
∑
〈〈i,j〉〉
Si · Sj + J⊥
∑
〈〈〈i,j〉〉〉
Si · Sj
(1)
where 〈i, j〉 and 〈〈i, j〉〉 are inplane nearest and next near-
est neighbors respectively and 〈〈〈i, j〉〉〉 represents the
interplane nearest neighbors; the couplings J1, J2, J⊥
being the isotropic exchange integrals for the respective
neighbors which have been taken to be positive.
In order to validate our exact diagonalization code,
we carried out diagonalization on 16 site spin- 12 chain
with nearest neighbor coupling J1 only and found the
ground state energy per spin to be −0.446393523J1, in
agreement with Bethe Ansatz results. To further test
the validity of the code on 2D lattice, we diagonalized
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2J2 E0(Stot) E1(Stot) E2(Stot)
0.85 −1.088789(0) −1.008873(0) −0.995889(1)
0.90 −1.076600(0) −1.011288(0) −0.979593(1)
0.95 −1.065978(0) −1.014114(0) −0.963962(1)
1.00 −1.057240(0) −1.017374(0) −0.953479(0)
1.05 −1.050794(0) −1.021119(0) −0.954172(0)
1.10 −1.047189(0) −1.025481(0) −0.970216(0)
1.15 −1.047183(0) −1.030808(0) −0.989355(0)
1.20 −1.051792(0) −1.038178(0) −1.008256(0)
TABLE I. The ground state and first two excited-state en-
ergies (E0, E1, E2) per spin, with total spin of the respective
states given in parenthesis, on a 4× 4 two-dimensional lattice
for spin- 1
2
Heisenberg antiferromagnet for several values of
next nearest-neighbor exchange coupling J2. Here J1 is taken
to be 2, as in reference [28].
the spin- 12 Hamiltonian for 4×4 lattice with nearest and
next nearest neighbor couplings J1 and J2. The ground
and first two excited state energies per spin along with
total spin of the respective states are given in Table I
and is in agreement with the results of [28]. The same
code has earlier been used to analyze the quasi-1D char-
acteristics of Sr2CU(PO4)2 and Ba2CU(PO4)2 [29] and
the calculated values were found in good agreement with
experimental results.
This paper is organized as follows. In section II, we
present the physical quantities that are to be calculated
in subsequent sections. Section III describes the 24−site
finite lattice for our model calculation. In section IV, we
present our numerical results on the finite lattice consid-
ered for J1−J2−J⊥ quantum spin- 12 model. Results are
summarized and discussed in section V.
II. PHYSICAL QUANTITIES CALCULATED
In order to obtain finite temperature quantities, we
require to calculate the canonical partition function
Zc(T,N) = Tr
(
e−βH
)
=
d∑
α=1
e−βEα (2)
where d is the dimensionality of the many-body Hilbert
space. For the antiferromagnetic system, the order pa-
rameter, staggered magnetization, is defined as [30]
ms (Q) =
∑
i
eiQ·ri Si
where Q is the magnetic wave-vector and the sum on the
right hand side is over all the lattice sites. In the thermo-
dynamic limit, 〈ms〉 is non-zero in the ordered phase and
zero in the disordered phase where the angular brackets
〈· · · 〉 denote the ensemble averaging. For a finite system,
however, 〈ms〉 vanishes for all phases due to rotational
symmetry in spin space and it becomes more appropriate
to consider the square of the order parameter, the static
spin structure-factor defined as
S(Q, T ) =
1
N
〈ms ·ms〉 = 1
N
∑
i,j
eQ·(ri−rj) 〈Si · Sj〉 (3)
=
1
N
∑
i,j
eiQ·(ri−rj)
d∑
α=1
e−βEα
Zc (T,N)
〈Eα |Si · Sj|Eα〉
where the sums i, j run over all the N lattice points. The
quantity 〈Eα |Si · Sj |Eα〉 represents the SSC between ith
and jth spins for the αth energy eigenstate. At zero tem-
perature, the SSC becomes
〈So · Sr〉0 =
〈
E0
∣∣∣∣Sz0Szr + 12 (S+o S−r + S−o S+r )
∣∣∣∣E0〉(4)
where |E0〉 is the many-body ground state. The spins So
and Sr are the reference spin and its r
th neighbor respec-
tively.
Another thermodynamic quantity of interest is the
magnetic specific heat given as
C
kB
= β2
∂2 lnZc (T,N)
∂β2
where β =
1
kBT
= β2
∑
α
{2Stot(Eα) + 1}E2α
e−βEα
Zc
×
{
1− {2Stot(Eα) + 1}e
−βEα
Zc
}
(5)
where Stot(Eα) is total spin of α
th eigenstate correspond-
ing to eigenvalue Eα
The z-component of the magnetic susceptibility for an
isotropic system is given as [31]
χzz =
β
Zc (T,N)
d∑
α=1
(M2z)α e−βEα with Mz = gµB~ Sztot
=
1
3
(gµB)
2 β
Zc (T,N)
∑
Eα
Stot(Eα) {2Stot(Eα) + 1}
×{Stot(Eα) + 1} e−βEα (6)
where Stot is the total spin of the eigenstate, µB the Bohr
magneton and g the electron Lande g factor.
III. THE FINITE LATTICE FOR MODEL
CALCULATION
A. The Finite Lattice
We consider a two-layered lattice containing 24 spins
with 12 spins in each two-dimensional layer in (4×3) ge-
ometry shown in Fig.(1). It will, henceforth, be referred
to as (4×3)⊕(4×3) lattice with J1, J2 being the inplane
nearest and next nearest neighbor couplings respectively
and J⊥ the interlayer coupling. Each layer is described by
a J1−J2 frustrated antiferromagnetic Heisenberg(FAFH)
3spin model. In the two-layered lattice considered here,
there are four spins in the x-direction and three spins
in the y-direction. We, therefore, use periodic boundary
condition (PBC) along x-direction and, in order to avoid
geometrical frustration, open boundary condition (OBC)
along y−direction . Since there are only two layers along
the z−direction, use of PBC leads to double counting
of the interlayer coupling and hence, in our calculation,
J⊥ is taken twice its value used in a multi-layered sys-
tem studied, say, in reference[24] where several layers of
J1 − J2 model has been examined using coupled-cluster
method. The Hilbert space dimensionality for a spin- 12
FIG. 1. (Color online) The 24 spin two-layered cubic lattice in
(4× 3)⊕ (4× 3) geometry. The exchange couplings J1, J2 are
the nearest and the next nearest neighbor inplane couplings
respectively and J⊥ the nearest neighbor interlayer coupling.
Periodic boundary condition is used along x−direction but
along y−direction, open boundary condition has been used.
The value of J⊥ in the present calculation is taken double its
value in a multi-layered lattice (see text).
system on a 24-site lattice is 224 = 16777216 ≈ 107. As
discussed in the next subsection, it suffices to work in
Sztot = 0 subspace, which has projections from all the to-
tal spin states Stot and leads dimensionality of the Hamil-
tonian matrix reduce to 2704156, which we diagonalize
iteratively to obtain the ground and a few low-lying ex-
cited states using Davidson algorithm for large sparse
matrices.
B. The Ising basis
It is readily seen that the Hamiltonian in Eq(1) com-
mutes with the square of the total spin S2tot and one of
its components Sztot
[
S2tot, H
]
= 0, [Sztot, H] = 0, with Stot =
N∑
i=1
Si
and hence are constants of motion with eigenvalues
Stot (Stot + 1) and M
tot
s , respectively. For a system with
even number of spins, it suffices to perform the diago-
nalization of the Hamiltonian (1) in M tots = 0 subspace
which has projections from all the total spin subspaces
Stot = N2 , · · · , 1, 0. For an N−spin system, a many-body
Ising basis state in a given total Sztot subspace is given by∣∣N,M tots ; k〉 =
∣∣∣∣∣m1,m2, · · ·mN ;
N∑
i=1
mi = M
tot
s
〉
(7)
where k runs over the dimensionality of the N -spin
Hilbert space in the given Sztot subspace.
IV. NUMERICAL RESULTS
In the numerical results presented here, all the
exchange couplings and energies have been measured in
units of the inplane nearest-neighbor coupling J1.
A. The spin-gap
The spin-gap is defined as the difference of energies of
the lowest triplet state and the singlet ground state [32]
∆T = E0 (Stot = 1)− E0 (Stot = 0) (8)
where E0 (Stot = 1) and E0 (Stot = 0) are the lowest
eigenenergies in the subspace Stot = 1 and E0 (Stot = 0),
repspectively.
It has been reported that the spin-gap has non-zero
values in quantum paramagnetic regime of a 2D J1 − J2
model[33]. In Fig.(2), we present spin-gap ∆T vs inplane
frustration parameter in the interval 0 ≤ J2/J1 ≤ 0.8
for different values of interlayer coupling J⊥/J1. We ob-
serve that, at a given value of J⊥/J1, the spin-gap ∆T
increases slowly, attains a maximum, with (a diverging)
peak at J2/J1 ≈ 0.55 and then decreases with the inplane
frustration parameter, indicating the existance of a gap-
ful paramagnetically disordered state [34] in the interval
0.4 < J2/J1 < 0.7. For small value of J⊥/J1 = 0.1, we
get ∆T /N ≈ 0.04 at J2/J1 = 0.55 in agreement with the
vlaue of ∆T (∞) reported in [35] for an open rectangu-
lar cylinderical lattice. As the interlayer coupling J⊥/J1
is increased, the ∆T vs J2/J1 curve shifts downward i.e.
the value of spin-gap decreases with increase in interlayer
coupling. The peak of the plots becomes narrower with
increase in J⊥/J1, over the frustration parameter interval
0.4 < J2/J1 < 0.7. This indicates that the region of gap-
ful paramagnetically disordered regime shrinks on J2/J1
scale with increase in J⊥/J1. We further observe that the
∆T vs J2/J1 plots for J⊥/J1 = 0.7 and J⊥/J1 = 0.6 co-
incide i.e. an increase in the interlayer coupling beyond
J⊥/J1 = 0.6 does not affect the spin-gap. It is to be
stated here that since our exact diagonalization calcula-
tion considers only two layers of J1−J2 model and double
count the interlayer coupling, the value of J⊥/J1 in our
case is indeed twice the value in a multi-layered lattice
4FIG. 2. Spin-gap ∆T vs inplane next nearest-neighbor cou-
pling J2/J1, at different values of interlayer coupling J⊥/J1
for the two-layered (4× 3) ⊕ (4× 3) lattice. The values of
J⊥ taken in the above graph is twice the values used in
reference[24] which considers a multi-layered lattice. The
spin-gap ∆T attains a maximum with peak around J2/J1 ≈
0.55, for the four values of interlayer coupling J⊥/J1 consid-
ered here.
considered, for example, in reference[24]. It has been re-
ported in reference [24] that the paramagnetically disor-
dered state vanishes at J⊥ = 0.3J1 and the system goes
directly from semi-classical Ne´el order to semi-classical
collinear order.
B. Spin-spin correlation: Zero temperature
In order to show the consistency of our results with
the known results regarding various orders of 2D J1− J2
lattice on J2/J1 scale, we consider the static SSC for
the ground state and its variation with J2/J1 as well as
J⊥/J1. In Fig.(3a), we present the variation of the in-
plane SSC with J2/J1 for the first(n=6), second(n=10),
third(n=7) and fourth(n=11) neighbors (Fig.(3b)). The
inplane first(n=6) and third(n=7) neighbors along x-axis
along which PBC has been used, the SSC takes negative
values (anti-parallel spins) and positive values (parallel
spins), respectively, for all values of J2/J1, i.e. spin 6 and
spin 7 remain antiparallel and parallel, respectively with
respect to the reference spin 5, irrespective of whether
the system is in the semiclassical Ne´el or the semiclassi-
cal collinear state. However, the second(n=10) and the
fourth (n=11) neighbor SSC goes from positive to nega-
tive and negative to positive values, respectively crossing
each other at J2/J1 ≈ 0.55, as J2/J1 ∈ [0, 1] is increased.
That is to say, for values of J2/J1 < 0.4, a spin sys-
tem on 2D square lattice exists in semiclassical Ne´el or-
dered state whereas for values of J2/J1 > 0.7, the system
acquires semiclassical collinear order. These results are
consistent with known results for 2D J1 − J2 FAFHM
(a)Inplane SSC vs frustration parameter J2/J1 with interlayer
coupling J⊥/J1 = 0.3. Spin 5 has been chosen as the reference spin
and n = 6, 10, 7, 11 correspond to first, second, third and fourth
neighbors respectively.
(b)Arrangement of spins on a 4× 3 lattice in a layer with PBC
along x-direction and OBC along y-direction for (i) semiclassical
Ne´el order corresponding to small values of J2/J1, and (ii)
semiclassical collinear order corresponding to large values of J2/J1.
FIG. 3. Inplane SSC vs frustration parameter J2/J1 and spin
arrangements for semiclassical Ne´el and collinear orders.
spin model [36].
Fig.(4a) shows the variation of inplane nearest neigh-
bor correlation between the 5th and 6th spins with
J2/J1 for various values of J⊥/J1. The inplane nearest-
neighbor SSC attains a (negative) maximum between
0.4 ≤ J2/J1 ≤ 0.7 indicating that the short range correla-
tion (disorder) is dominant in the said interval of frustra-
tion parameter J2/J1. It is also seen that as the interlayer
coupling J⊥/J1 is increased, the height of (negative) peak
decreases, i.e. short range correlation decreases with in-
crease in J⊥/J1 in the interval 0.4 ≤ J2/J1 ≤ 0.7.
Fig.(4b) presents the interplane first-neighbor correla-
tion between 5th and 17th spins vs inplane frustration
parameter J2/J1 for several values of interlayer coupling.
The SSC 〈S5 · S17〉 increases with increase in J⊥/J1 for
all values of inplane frustration parameter in the interval
0 ≤ J2/J1 ≤ 1. For small values of J⊥/J1, the inter-plane
SSC changes very little with J2/J1 indicating that the
physics is essentially the same as that of 2D J1−J2 model.
5(a)The inplane first-neighbor (5th and 6th SSC vs J2/J1 for
different values of interlayer coupling J⊥/J1. As the J⊥/J1 is
increased, the SSC exhibit significant decrease in inplane
frustration parameter interval 0.4 ≤ J2/J1 ≤ 0.7, indicating
the diminishing of the paramagnetically disordered state.
(b)The inter-plane (along z-direction) first neighbor SSC
between 5th and 17th spins (refer to Fig.1) vs J2/J1 for
various values of J⊥/J1. As the interlayer coupling is
increased significantly to, say J⊥/J1 = 0.7, the inter-plane
SSC function attains a (negative) peak in the interval
0.4 ≤ J2/J1 ≤ 0.7 .
FIG. 4. Inplane and inter-plane first neighbor SSC function
vs J2/J1 for different values of interlayer coupling J⊥/J1.
However, when the interlayer coupling is made significant
i.e. J⊥/J1 > 0.10, the inter-plane first neighbor SSC at-
tains a peak between 0.4 ≤ J2/J1 ≤ 0.7 with accompa-
nying decrease in inplane first neighbor SSC, indicating
the shrinking of quantum disorder in the said interval of
inplane frustration parameter, as seen in Fig.(4a).
C. Zero temperature static spin structure-factor
Another quantity we examine is the zero-temperature
static spin structure-factor S(Q) defined in equation(4).
In Fig.(5), we present S(Q) vs J2/J1 for two different
values of J⊥/J1 = 0.05, 0.6, for various values of the
magnetic wave-vector Q. For small values of J2/J1, the
static spin structure-factor S(pi, pi, pi) corresponding to
FIG. 5. Zero temperature static spin structure-factor
S (Qx, Qy, pi) vs J2/J1 for the layered (4× 3) ⊕ (4× 3) lat-
tice at two different values of J⊥/J1 = 0.05, 0.6. The quan-
tity S (pi, pi, pi) corresponding to the Ne´el order is dominant
at small values of J2/J1, whereas for large values of J2/J1,
S (pi, 0, pi) corresponding to the inplane collinear order is dom-
inant. For intermediate values 0.4 ≤ J2/J1 ≤ 0.7, several of
the competing magnetic orders coexist leading to quantum
paramagnetically disordered state.
the Ne´el order dominates whereas for large values of
J2/J1, the spin-structure factor S (pi, 0, pi) corresponding
to the collinear order dominates. It is to be noted that
in our calculation S (pi, 0, pi) 6= (0, pi, pi), because PBC
has been used along x-direction only, whereas OBC has
been used along y-direction. For intermediate values of
frustration parameter in the interval 0.4 ≤ J2/J1 ≤ 0.7,
the spin structure factor S (Q) corresponding to several
magnetic wave-vectors Q have comparable values, im-
plying that several of the competing magnetic orders co-
exist in the said interval leading to quantum paramag-
netically disordered state. As the interlayer coupling is
increased to a large value, say J⊥/J1 = 0.6J1, the spin
structure factor S(pi, pi, pi) corresponding to Ne´el ordering
takes markedly large values for J2/J1 ≤ 0.4 whereas for
J2/J1 ≥ 0.7, it is the spin-structure factor S(pi, 0, pi) cor-
responding to collinear order that takes markedly large
values, as seen in Fig.(5b). For intermediate values of
inplane frustration parameter 0.4 ≤ J2/J1 ≤ 0.7, the
spin structure factors S (pi, pi, pi) and S (pi, 0, pi) vary very
sharply and the region of quantum paramagnetically dis-
6ordered state becomes narrower on J2/J1 scale. This can
be seen as the paramagnetically disordered state tending
to disappear with increase in interlayer coupling.
D. Shannon Entropy
At zero temperature, the quantum mechanical ground
state of the Frustrated Antiferromaggnetic spin- 12 sys-
tem described by the Hamiltonian in equation (1) can be
viewed as a statistical mixture of Ising basis states, equa-
tion(7). Accordingly, the Shannon entropy (SE), widely
used in information theory, can be defined [37] for a quan-
tum mechanical state |Ψ〉 = ∑i ci |N,M tots ; i〉 as
S
NkB
= −
∑
i
pi ln pi (9)
where N is the number of spins and
pi = |ci|2 with
∑
i
|ci|2 = 1, (10)
is the probability of the ith Ising basis state in the vari-
ational wavefunction |Ψ〉 obtained through exact diag-
onaliztion of the Hamiltonian matrix. Since there are
2N basis states for N spin− 12 particles, pi =
(
1/2N
)
for
maximally disordered state and the maximum value of
S/(NkB) is ln 2 = 0.693. In Fig.(6) we present the vari-
FIG. 6. SE of (4 × 3) ⊕ (4 × 3) lattice vs J2/J1 for different
values of inter layer couplings J⊥/J1. At J⊥/J1 = 0, two lay-
ers becomes separated therefore we present the, SE vs J2/J1,
for a single layer (4 × 3) lattice. The inset image displays
the variation of SE with J⊥/J1 for single layer (6× 4) lattice,
J1 − J2 model.
ation of Shanon Entropy(SE) with inplane frustration
parameter J2/J1 for different values of interlayer cou-
plin J⊥/J1. With the interlayer coupling taken to zero,
the system becomes a set of two independent layers of
(4 × 3) lattice with PBC along x−direction and OBC
along y−direction. The SE vs J2/J1 plot for a (4 × 3)
lattice has been shown by red solid line and labeled as
J⊥/J1 = 0.0 in Fig.(6). For a better comparison with
a more realistic two-dimensional lattice, we present in
inset, SE vs J2/J1 plot for a 24−spin (6× 4) lattice in
which PBC has been imposed both along x− and y−
directions. In the parameter intervals 0 ≤ J2/J1 < 0.4
and 0.7 < J2/J1 ≤ 1, we obtain large values of Shanon
Entropy(SE) implying that the system fluctuates around
the semiclassical Ne´el state and the semiclassical collinear
state, respectively. The shanon entropy is minimum at a
value of inplane frustration parameter J2/J1 a little less
than 0.6, implying that some kind of order-by-quantum-
disorder[38, 39] takes place in spin configuration space
in the parameter interval 0.4 < J2/J1 < 0.7. As we in-
crease the J⊥/J1, values of SE increases in the regime of
small and large values of J2/J1, whereas the depth of the
the plot in the intermediate regime 0.4 < J2/J1 < 0.7
corresponding to the disordered state takes further dip.
This indicates the narrowing of intermediate quantum
mechanically disordered regime on J2/J1 scale, with in-
crease in interlayer coupling [22, 24–26].
E. Specific heat and magnetic susceptibility
In order to calculate a thermodynamic quantity, we re-
quire, in principle, the ground state and all the excited
states. This may be computationally prohibitive for most
of the systems of interest. However, quantum fluctua-
tion arising due to frustration is important only at low
temperatures where only a few low-lying excited states
are relevant to any thermodynamic quantity. We, in the
present calculation, take only the lowest six eigenstates,
to examine the effect of J⊥ on specific heat and magnetic
susceptibility for the (4 × 3) ⊕ (4 × 3) lattice. We find
that for the Hamiltonian in equation(1), the lowest six
eigenstates belong to Stot = 0, 1 and 2 subspace in the
parameter regimes 0 ≤ J2/J1 ≤ 0.4 and 0.7 ≤ J2/J1 ≤ 1
whereas in the intermediate regime, 0.4 < J2/J1 < 0.7,
most of the low-lying eigenstates are singlet (Stot = 0)
and a few are triplet (Stot = 1). The magnetic specific
heat and the z-component of magnetic susceptibility, cal-
culated with lowest six eigenstates, for the layered lattice
(4× 3)⊕ (4× 3) are presented in the following.
1. Specific Heat
It has earlier been observed [15, 40] that in a J1 − J2
FAFH Model, as the frustration parameter is increased
over the interval 0 < J2/J1 ≤ 0.5, the systme goes from
ordered Ne´el state to disordered paramagnetic state; cor-
respondingly, the peak of the specific heat curve sharpens
and its position shifts to lower temperatures. With fur-
ther increase in the frustraion parameter J2/J1 beyond
0.5, the system goes from disordered paramagnetic state
to ordered collinear state and correspondingly, the peak
of the specific heat broadens and its position shifts to
higher temperatures. Accordingly, the above distinct be-
7haviour of the specific heat peak vs temperature, as the
system goes from disordered to ordered state or vice-veras
can be extended to examine the role of J⊥/J1 on the in-
plane magnetic order.
In Figure(7a), we present specific-heat vs temperature
plot with inplane frustration parameter J2 = 0.2J1 ly-
ing in the regime of semi-classical Ne´el ordered state in a
pure 2D antiferromagnetic J1−J2 model [4, 32, 36]. The
specific-heat peak monotonically shifts to higher temper-
atures as the interlayer coupling is increased from small
to large values i.e. J⊥/J1 = 0.1, 0.3, 0.6. The specific
heat curve is sharpest for J⊥/J1 = 0.1, the smallest
of the values considered. The specific-heat vs temper-
ature curve flattens and the height of the peak decreases
with increase in interlayer coupling. From calculations on
small lattice of spins such as the one in the present work,
it is difficult to conclude whether the peak of the specific-
heat corresponds to any phase transition or is just an
energy crossover. Similarly, in Figure(7c) with inplane
frustration parameter J2 = 0.8J1 lying in the regime of
semi-classical collinear ordered state for a pure 2D anti-
ferromagnetic J1− J2 model [4, 32, 36], the specific-heat
vs temperature curve again flattens and the position of
the peaks shifts to higher temperatures with increase in
J⊥.
However, in Figure(7b) with inplane frustration pa-
rameter J2 = 0.6J1 lying in the regime of quantum para-
magnetic disordered state for a pure 2D antiferromag-
netic J1 − J2 model [4, 32, 36], the specific-heat vs tem-
perature shows an entirely different behavior: no shifting
of peak position is observed when the interlayer coupling
J⊥ is increased from 0.1J1 to 0.3J1 and 0.6J1.
Thus as the interlayer coupling is increased, the system
is driven to an ordered state namely the Ne´el oreder state
or the collinear ordered state, depending on the value of
the inplane frustration parameter J2/J1. On the other
hand, when the system is already in paramagnetic disor-
dered state, an increase in interlayer coupling leads to no
chnange in inplane magnetic order.
In figure(8), we present magnetic specific heat vs tem-
perature at given values of J⊥/J1 for different values
of inplane frustration parameter. We observe in Fig-
ure(8a) that for J⊥ = 0.1J1, the specific heat peaks are
sharp and occur at kBT/J1 = 0.222 in the quantum
paramegnetic regime corresponding to inplane frustra-
tion parameter values J2/J1 = 0.4, 0.5, 0.6, 0.7; the peak
occures at lower temperatures compared to other values
of J2/J1 = 0.2, 0.8 lying in the Ne´el ordered and collinear
ordered state, respectively. At J⊥ = 0.3J1 in Figure(8b),
the specific heat peaks for J2/J1 = 0.5, 0.6, 0.7 corre-
sponding to paramagnetic regime are sharp and occur at
kBT/J1 = 0.212, again lower than the temperatures at
which specific heat curve peaks for J2/J1 = 0.2, 0.4 cor-
responding to Ne´el ordered state and J2/J1 =, 0.8 cor-
responding to collinear ordered state. At significantly
higher value of interlayer coupling J⊥/J1 = 0.6, we ob-
serve in Figure(8c) that the shepecific heat peaks flaten
and occur at higher temperatures except for J2/J1 =
(a)Specific heat vs temperature for different values of J⊥/J1
at J2/J1 = 0.2.
(b)Specific heat vs temperature for different values of J⊥/J1
at J2/J1 = 0.6. The position of specific heat peak changes
little with respect to temperature as the interlayer coupling is
increased from small to large values as J⊥/J1 = 0.1, 0.3, 0.6.
The specific heat curve is sharpest for J⊥/J1 = 0.6, the
highest of the values considered.
(c)Specific heat vs temperature for different values of J⊥/J1
at J2/J1 = 0.8. The peak position of specific heat changes
little for small values of interlayer coupling J⊥/J1 = 0.1, 0.3.
For higher values of J⊥/J1 = 0.6, the peak shifts to higher
temperature. The specific heat curve is sharpest for
J⊥/J1 = 0.1, the smallest value considered.
FIG. 7. The dimensionless specific heat per spin (C/ (NkB))
vs scaled temperature (kBT/J1) plots for (4 × 3) ⊕ (4 × 3)
layered spin system for different values of J⊥ at fixed values
of inplane second-neighbor coupling J2/J1.
8(a)Specific heat vs temperature for different values of J2/J1
at J⊥/J1 = 0.1. The specific heat peaks are sharpest at
J2/J1 = 0.4 and 0.7, the boundaries of quantum
paramagnetic region.
(b)Specific heat vs temperature for different values of J2/J1
at J⊥/J1 = 0.3. The specific heat peak is sharpest at
J2/J1 = 0.5.
(c)Specific heat vs temperature for different values of J2/J1
at J⊥/J1 = 0.6. The specific heat peak is sharpest at
J2/J1 = 0.5 and 0.6. The boundaries of quantum
paramagnetic region seem to have narrowed to
0.5 ≤ J2/J1 ≤ 0.6.
(d)Specific heat vs temperature for different values of J2/J1
for a 4× 3 lattice of 12 spins. The specific curve is sharp for
J2/J1 = 0.4, 0.6 but sharpest for J2/J1 = 0.5. The system is
known to have quantum paramagnetically disordered for
0.4 ≤ J2/J1 ≤ 0.6.
FIG. 8. The dimensionless specific heat per spin (C/ (NkB))
vs scaled temperature (kBT/J1) plot of ((4× 3)⊕ (4× 3))
layered spin lattice for different values of inplane second-
neighbor coupling J2/J1 at fixed values of J⊥/J1. For in-
creasing values of J2/J1, the specific heat peak first shifts to
lower temperatures and then (reversing the trend) to higher
temperatures.
0.5, 0.6 corresponding to paramagnetic regime, for which
the peaks are sharper and occur at a lower temperature
kBT/J1 = 0.212 implying the shrinkig of quantum para-
magnetic rgime with increase in interlayer coupling.
For reference, we plot in Figure(8d) the magnetic spe-
cific heat vs temperature for different values of inplane
frustration parameter J2/J1 for a 4×3 lattice of 12 spins.
As J2/J1 is increased from 0.2 to 0.4, 0.5, 0.6, the spe-
cific heat peaks sharpen and shift to lower temperatures.
However, as it is further increased to J2/J1 = 0.7, 0.8,
the specific heat peak begins to flaten and shift to higher
temperatures.
Thus the above observations on specific heat vs tem-
perature curve can be summarized as follows: at small
value of interlayer coupling J⊥/J1 = 0.1, there is a quan-
tum paramagnetic order in 0.4 < J2/J1 < 0.7 regime
whereas at J⊥/J1 = 0.6, the quantum paramagnetic
regime narrows to 0.5 < J2/J1 < 0.6, implying the ten-
dency of the paramagnetic regime to vanish with increas-
ing interlaeyr coupling. For the finite lattice like the one
in the present study, we do not expect to observe the van-
ishing of quantum paramagnetic regime as the interlayer
coupling is incresaed due to finite size effects.
2. Magnetic Susceptibility
Figure(9) presents the z-component of magnetic sus-
ceptibility vs temperature for different values of inplane
frustration parameter J2/J1 at three values of inter-
9(a)Magnetic Susceptibility vs temperature for different values
of J2/J1 at J⊥/J1 = 0.1.
(b)Magnetic Susceptibility vs temperature for different values
of J2/J1 at J⊥/J1 = 0.3.
(c)Magnetic Susceptibility vs temperature for different
values of J2/J1 at J⊥/J1 = 0.6.
FIG. 9. The dimensionless Magnetic Susceptibility per spin
χ/
[
N (gµB)
2 /J1
]
vs scaled temperature kBT/J1 plot for
(4 × 3) ⊕ (4 × 3) layered spin system for different values of
inplane second neighbor coupling J2 at three values of inter-
layer coupling J⊥. For a given J⊥, the magnetic susceptibil-
ity decreases with increasing J2, reverses the trend and then
increases with further increase in J2, in the entire range of
temperature considered in the figure.
layer coupling J⊥/J1. In Figure(9a), we observe that
at small value of interlayer coupling J⊥/J1 = 0.1, the
system tends to shift towards magnetically disordered
state leading to quantum paramagnetic order and the
magnetic susceptibility reduces with increase in frustra-
tion parameter from small values J2/J1 = 0.2 corre-
sponding to the Ne´el ordered state to intermediate val-
ues J2/J1 = 0.4, 0.5, 0.6 corresponding to paramagneti-
cally disordered state. The magnetic susceptibilities cor-
responding to J2/J1 = 0.5 and 0.6, almost coincide and
remain lowest in the entire range of temperature consid-
ered in the figure.
At a higher value of interlayer coupling J⊥/J1 = 0.3 in
Figure(9b), the magnetic susceptibility for J2/J1 = 0.2
and J2/J1 = 0.8 corresponding to the Ne´el and collinear
ordered state respectively increases slightly but the sus-
ceptibility of the paramagneticaly disordered state corre-
sponding to J2/J1 = 0.4 0.5 and 0.6 is enhanced signif-
icantly; the magnetic susceptibility curve corresponding
to J2/J1 = 0.6 remains lowest in comparision to suscepti-
bility curves for other values of J2/J1, in the entire range
of temperature considered in the figure.
With further increase in interlayer coupling with
J⊥/J1 = 0.6 in Fig.(9c), the peak value of magnetic
susceptibility curves for the paramagnetically disordered
state corresponding to J2/J1 = 0.4, J2/J1 = 0.5 and
J2/J1 = 0.6 is further enhanced and almost coincides
with each other. Furthermore, the magnetic susceptibil-
ity curve is enhanced significantly for J2/J1 = 0.8 corre-
sponding to collinear ordered phase. However, the mag-
netic susceptibility corresponding to J2/J1 = 0.2 remains
large and of the same order of magnitude regardless of
the values of J⊥/J1 in the entire range of temperatures
considered in the figures(9 a,b,c)
If we look at the position of the magnetic susceptibil-
ity humps for different values of inplane frustration pa-
rameter J2/J1, it shifts towards lower temperatures with
increase in J2/J1 exhibiting signature of quantum para-
magnetic disorder, as lesser thermal energy is required to
cause thermal disorder. After further increase in J2/J1,
the system re-orders and the hump begins to shift to-
wards higher temperatures.
In Fig.(10), we present magnetic susceptibility vs tem-
perature for different values of interlayer coupling J⊥/J1
at three given values of inplane frustration parameter
J2/J1.
In Fig.(10a) with J2/J1 = 0.2, the system is believed
to exist predominantly in S(pi, pi, pi) ordered state corre-
sponding to semiclassical Ne´el order and consequently we
do not observe significant variance in magnetic suscepti-
bility curve with increase in interlayer coupling J⊥/J1, in
the entire range of temperature considered in the figure.
In Fig.(10b) with J2/J1 = 0.6, the system is believed
to exist in quantum paramagnetic disordered state and
hence the magnetic susceptibility for small values of in-
terlayer coupling J⊥/J1 = 0.1, 0.3, takes small values in
the entire range of temperature considered in the figure.
When the interlayer coupling is increased to large value
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(a)Magnetic Susceptibility vs temperature for different values
of J⊥/J1 at J2/J1 = 0.2.
(b)Magnetic Susceptibility vs temperature for different values
of J⊥/J1 at J2/J1 = 0.6.
(c)Magnetic Susceptibility vs temperature for different values
of J⊥/J1 at J2/J1 = 0.8.
FIG. 10. The dimensionless Magnetic Susceptibility per spin
χ/
[
N (gµB)
2 /J1
]
vs scaled temperature kBT/J1 plot for
(4×3)⊕(4×3) layered spin system for different values of inter-
layer coupling J⊥ at three values of inplane second neighbor
coupling J2.
of J⊥/J1 = 0.6, the system re-orders (i.e. the quantum
paramagnetic disorder disappears and the magnetic sus-
ceptibility increases significantly in the entire range of
temperatures considered in the figure.
In Fig.(10c) with J2/J1 = 0.8 the system is believed to
exist in S(pi, 0, pi) ordered state, corresponding to semi-
classical collinear order and the magnetic susceptibility
is observed to be higher even at small values of interlayer
coupling J⊥/J1 = 0.1, 0.3 with respect to their values
with J2 = 0.6J in Fig.(10b). However, when the inter-
layer coupling is increased to large value of J⊥/J1 = 0.6,
the magnetic susceptibility increases significantly in the
entire range of temperatures considered in the figure.
The magnetic susceptibility corresponding to J⊥/J1 =
0.6 remains large and of the same order of magnitude re-
gardless of the values of J2 in the entire range of tempera-
tures considered in the figures(10 a,b,c). If we observe the
magnetic susceptibility hump, it moves towards higher
temperatures implying that the system is being driven
to a more ordered state as we increase the interlayer cou-
pling, in agreement with Mermin-Wagner theorem[41].
The increment in magnetic susceptibilities of paramag-
netically disordered state with increase in J⊥ implies that
the quantum parmagnetic ordered state tends to vanish
and the spins re-order themselves as the interlayer cou-
pling is increased.
V. SUMMARY OF RESULTS AND DISCUSSION
We have presented an exact diagonalization study on
J1 − J2 − J⊥ model for a 24-spin layered lattice in
(4× 3) ⊕ (4× 3) geometry to examine the role of in-
terlayer coupling on the inplane magnetic order. For
a quasi-2D J1 − J2 model, the paramagnetic region is
found to extend from J2 = 0.4J1 to J2 = 0.7J1. As we
increase the interlayer coupling, the value of spin-gap in
the paramagnetic region reduces since the interlayer cou-
pling stabilizes the inplane order and thereby lowers the
degree of disorder in paramagnetic regime. We further
observe that the spin-gap vs J2/J1 curves coincide for
J⊥/J1 = 0.6 and 0.7, implying that, J⊥ = 0.6J1 is the
saturation value of the interlayer coupling beyond which
the spin gap does not change with J⊥/J1. For an mul-
tilayered lattice [24], the corresponding saturation value
will be J⊥ = 0.3J1, half the value for our two layered
lattice, after correcting for double counting.
At zero temperature, for small values of interlayer cou-
pling, the inplane first-neighbor SSC becomes maximum
in paramagnetic region i.e. short range order is domi-
nant in paramagnetic regime. As the interlayer coupling
is increased, the inplane first-neighbor SSC reduces i.e.
short range correlation decreases in quantum parameg-
netic regime. This is corroborated by our results on
static spin structure factor also. In the quantum param-
agnetic regime, S(pi, pi, pi) corresponding to Ne´el order
decreases and S(pi, 0, pi) corresponding to collinear or-
der increases slowly with J2/J1 when J⊥/J1 is small.
However, when J⊥/J1 is increased to 0.6, the change in
S(pi, pi, pi) and S(pi, 0, pi) becomes steeper indicating that
11
in the thermodynamic limit, S(pi, pi, pi) may crossover di-
rectly to S(pi, 0, pi) and the intervening quantum param-
agnetic regime disappears.
We observe that the specific heat vs temperature curve
is flat in ordered states like Ne´el or collinear state but as
the system enters quantum paramagnetically disordered
state, the specific heat vs temperature curve acquires
a sharp peak. For small values of interlayer coupling,
we observe a sharp peak in specific heat vs tempera-
ture curve for the inplane frustration parameter interval
0.4 ≤ J2/J1 ≤ 0.7 corresponding to paramagnetically
disordered state. However, as the interlayer coupling is
increased to a significant value, say J⊥/J1 = 0.6, a sharp
peak in specific heat vs temperature curve is observed
in the narrowed interval 0.5 ≤ J2/J1 ≤ 0.6, indicating
the shrinking of quantum paramagmetically disordered
regime on J2/J1 scale.
From the (z-component of) magnetic susceptibility vs
temperature plot we observe that the value of magnetic
susceptibility in ordered states like Ne´el or collinear state
is higher compared to its value in quantum paramagnet-
ically disordered state. In the paramagnetically disor-
dered state corresponding to the inplane frustration pa-
rameter interval 0.4 ≤ J2/J1 ≤ 0.7 for small values of
interlayer coupling J⊥/J1, the peak height of magnetic
susceptibility curve is small. As J⊥/J1 is increased, the
height of the magnetic susceptibility peak increases in
the above interval of inplane frustration parameter, im-
plying that the interlayer coupling drives the system to
an ordered state.
In summary, the results presented in preceding sections
show that for small values of interlayer coupling J⊥/J1,
the system is in (a) semi-classical Ne´el ordered state for
J2/J1 < 0.4 (b) semi-classical collinear ordered state for
J2/J1 > 0.7 and (c) quantum paramagnetically disor-
dered state for 0.4 < J2/J1 < 0.7. As J⊥/J1 is increased
[24], the interval of quantum paramagnetic disordered
state on J2/J1 scale, narrows and long range order sets in.
It has earlier been reported [24] that for a multilayered
lattice with J⊥ = 0.3J1, the paramagnetically disordered
state vanishes and as J2/J1 is increased, the system goes
directly from semi-classical Ne´el order to semi-classical
collinear order. In our study on finite lattice, on increas-
ing J⊥/J1, the intervening paramagnetically disordered
regime narrows on J2/J1 scale but does not vanish due
to finite size effect.
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